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A GENERAL MAXIMAL OPERATOR AND THE 4 ,-CONDITION
BY
M. A. LECKBAND AND C. J. NEUGEBAUER

ABSTRACT. A rearrangement inequality for a general maximal operator Mf(x) =
sup, e g [fdp dv is established. This is then applied to the Hardy-Littlewood maximal
operator with weights.

1. Let u, » be two measures on R” and let there be given for each cube Q C R" a
function ¢, supported in Q. We consider the maximal operator Mf(x) = sup [f¢, dv,
where the sup is extended over all cubes centered at x and obtain (Theorem 1) the
rearrangement inequality (Mf)X(§) < A [5°®(¢)£*(¢€) dt. Here g} denotes the non-
increasing rearrangement of g with respect to the measure A, and ® is a nonincreas-
ing function given in terms of p, », ¢,. From this one easily sees that | Mf1, , <
Alfi,, °®(1)/t"/? dt, and thus the finiteness of this integral, i.e., ® € L(p’, 1),
gives a weighted norm inequality. This is how the 4 ,-condition comes into play. In
fact, if we take (u,v) € 4, i.e., [ou-(Jp' ?)?"' < C| QP [5), dp = udx, dv =
vdx, ¢p(x) = xo(x)/| Q| v(x), then the above Mf(x) is the usual Hardy-Littlewood
maximal operator. Let ® = @,  be the associated ®. We will show (Theorem 3) that,
in the case u =v, ® € L(p’,1) if and only if u € 4,, and in the double weight
situation (Theorem 4), ® € L( p’, ) if and only if there is (u, 0) for which ®; ; ~ ®
and IMf I, ;< Al f 1, 5.

Finally, we will study the problem when (u, v) € 4, implies [| Mf Il , , < All f 1l , ..,
and the extrapolation problem, i.e., when does [MfIl, , <Al fll,, imply the
existence of ¢ > 0 so that | Mf Il ,_, , < BIl fll ,_.,? It turns out that the behavior of
the iterated maximal operator M, is crucial here. We will see (Theorem 6) that
extrapolation is possible provided the norm of M, as an operator from L/ — L}
grows at most geometrically, a fact which is obvious for u = v. All this gives a
different, though admittedly long, proof of u € 4, implies u € 4,_,, and shows
that it is the iterated maximal operator that controls this implication.

2. For » = 0 a Borel measure on R” and f: R” — R a Borel measurable function, let
A (y) =v{x: |f(x)|>y}, and f*(¢) = inf{y: A (y) < t}, the rearrangement of f
with respect to ». With each Q € {Q}, the collection of cubes in R”, let there be
associated a Borel measurable function ¢,: R" — [0, 00), supp ¢, C Q. We consider
the general maximal operator.

Mf(x) = sup /R Dofdv
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where the sup is extended over all Q with center x. If p = 0 is another Borel measure
on R”, finite on compact sets, define

o(1) = sup {m(@)93.(1(Q)1)}.
THEOREM 1.
(Mf)3(8) <4 [“0(0)f2(18)
where A depends only upon the dimension n.

PrROOF. We let M, f(x) = sup [¢,, fdv, where now the sup is extended over all Q
with center x and diam Q < r. It suffices to prove the theorem for M, f and then let
r— 0.

Let E. = {x: M,f(x)>7}and E_p = E, N {|x|<R}. For x € E,_ ,, we have a
cube Q,, center x, diam Q,  <r such that 7 < ¢, fdv. We can now apply the
Besicovitch covering theorem [1] and select {Q;} C {Q,: x € E, z} such that
E, pCc UQ,; and ExQ(t) < C where C depends only upon n. Then p(Q;)r <
[0, )bg, fdv. We set Hy = 3N ,u(Q,), ®y(») = I ,1(Q,)d (). Then

Hy <;fRH<I>N(y)f(y) dv <;[0 o1 (1) (1) dr.

We claim now that ®% (£) < c®(§{/H) ), where c is the Besicovitch constant. If
®dy(y)>a, a>0,theny€ UN 1Q;- Thus the number of Q’s containing y is at
most ¢, and hence for some j, u(Q oo (¥) > a/c. Thus

{y:®y(y)>a} € U {y:0(Q,)00,(») >asc}.

Jj=1
We now show that for 8 > 0,

v{y: m(Q@)eo(y) > B} <p(Q)|{r: ®(z) > B} .
To prove this we may assume that u(Q) > 0. Then
| {1 @(1) > B} |>| {r: 1(Q)95 .(r(Q)1) > B} |

(Q) v{y: n(Q)do(y) > B}.

All this gives us »{y: ®y(y) > a} < Hy| {1: ®(1) > a/c}|. Consequently, ®% ,(£)
< inf{a: | {t: ®(1) > a/c}|<§{/Hy} = c®({/Hy).
Thus
< S (Tol-L ) < (Tol L)
< / (HN)f,(z)dz<HNf0 <I>(H)fy(t)dt,
since Hy < H,and H = Zp(Q,) < oo. Since Hy 1 H, we get

TS%LwQ(é)ﬂ*(t)dt = cf:(b(t)fv*(tH)dt,
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and since p(E, z) < H, we see that 7 < ¢[°®(¢)f*(1p(E, r)) dt. Finally, let 1, =
(M, )¥(§) = inf{7: p(E,) < §)}. Then 0 < 7 < 7, implies that u(E,) > §, and hence
for some R, p(E, g) > £. From this we get 7 < ¢[°®(2) £;*(¢£) dt, and letting 7 1 7,
completes the proof.

REMARK. Theorem 1 contains many of the known maximal inequalities.

(1) The choice ¢p(y) =xo(»)/|Q|, r=vr = Lebesgue measure, gives the
ordinary Hardy-Littlewood maximal function. In this case ®(¢) = x (¢) and so
(Mf)*(§) < A[3f*(18) 1.

(ii) Let Q, be the unit cube centered at the origin, and let Q(x, /) be the cube with
center x, side-length h. Let supp ¢ C Q,, and set ¢p(y) = ¢((x — y)/h)/h", Q =
Q(x, h). If p=» = Lebesgue measure, we consider the maximal “approximate
identity” operator Mf(x) = sup,.o(1/h")f¢((x — y)/h)f(y)dy [4]. In this case
Ao (») =1 Q|1 {x: $(x) > y| @[} |, and hence 43(1) = $*(t/| Q])/| | . Thus (1)
= ¢*(t), and we get (Mf)*(£) < A[/o*(¢)f*(¢£) dt. This maximal inequality is due
to Jurkat and Troutman [4] and our proof of Theorem 1 is a refinement of theirs.

3. Minkowski’s integral inequality and Theorem 1 show that

() IIMfIINLSA(/O (b(t)dt)llfll,,,,

and hence [°®(?)/t'/? dt < oo implies that Mf is strong ( p, p). In the setting of
Lorentz spaces L( p, q) [2], this says that ® € L(p’,1), 1/p + 1/p’ = 1, implies
strong ( p, p) for Mf. A major part of this paper is devoted to the converse, i.e.,
when does strong ( p, p) for Mfimply ® € L( p’, 1)? Simple examples show that this
need not be the case in general. For, if we consider the “approximate identity”
example of the previous section and assume that ¢ is radially nonincreasing, then
Mf(x) < ll¢ll,M, f(x), where M, is the ordinary Hardy-Littlewood maximal opera-
tor. Simply take ¢ € L', ¢ & L( p’, 1) to obtain an example.

We let now (u, v) be a pair of nonnegative functions (weights), i.e., u € L] . and
0 < v < o0, a.e. x. This last restriction is made in order to avoid the special cases
arising from division by zero, etc. Then

|Qlffd)c lQlff —vdx ff‘d)QdV,
where ¢,(x) = xo(x)/| Q| v(x), and dv = v dx. If we let dp = u dx and

®(1) =0, (1) = sup{n(Q)e.(n(Q)1)},

then ® € L(p’,1) gives the double weight strong ( p, p) for the ordinary Hardy-
Littlewood maximal operator, which from now on we will denote by Mf.

4. The single weight problem, i.e., u = v, and the double weight problem are
different and the ® reflects this.

THEOREM 2. Let | <p < oo and |MfIl, , < Al fIl, .. Then ® = @, satisfies (1)
O(1) = 0(t7"/7),as t — 0 or oo, (ii) ®(t) = O(t*) for 0 >a > -1 as t - oo.
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PROOF. It is known that (u, v) € 4,,, i.e, [ou-(fyv' 7)?"' <c|Q [5]. We note
that

w(@)iho Vol

i 21 ve] "

(%)t(M(Q)t)s[ I /u(Q)r(xQ)*p'(u)du]./p,

From this we get

p(Q) (X )* 1 wm@)” L
LS e < MG (fQ ’
and this proves (i).

For (ii) simply note that |MfIl,, <A/l fll,,, p<g, so that by (i), ®(¢z) =
o).

REMARK. (i) The above result shows that the behavior of ® about 0 is much more
critical than that about co. (i) We have shown that (u,v) € 4, implies that
® e L(p/, ).

C
< 75
t'/P

)(p—l)/p

Tueorem 3. | MfIl, , < Al fIl , , for some p > 1 if and only if ® € L(p’, 1), i.e.,
® € L(p',1) and u € A, are equivalent.

PrOOF. Note that now ¢y(x) = xo(x)/| Q| u(x), so that ¢ (n(Q)?) is zero for
t > 1, and hence ®(¢) = 0, t > 1. Thus we have to show that [ ®(¢)/t'/? dt < co.
Since u € 4,,_, for some ¢ > 0 [5], we get from Theorem 2 that ® € L((p — €)', )
from which ®(z)/t'/? < c/t'/ (P~ *1/p,

REMARK. Later we will show that ® € L(p’, 1) implies ® € L((p — ¢), 1) in the
single weight case without recourse tou € 4,,_ ..

5. From now on we assume that n = 1, and we will denote by I, J intervals in R.
In this section we will present a partial converse of Theorem 2, i.e., we ask whether
® € L(p’, o) implies some norm inequality for Mf.

For ®@,, ®, two nonincreasing functions on (0, o0) we write ®, ~ ®, provided there
are constants c;, ¢/, i = 1,2, such that ¢, ®,(cjt) < ®,(1) < c,®,(c5t), 0<r=<1.

THEOREM 4. Let ®, = 0 be nonincreasing on (0, 00) such that t®y(t)10 as t |0. Then
®, € L(p’, ) on [0,1] if and only if there exists a pair of weights (u, v) such that
®,,~ @ and | MfI1l, , < Alfll,,.

REeMARK. The condition ®,(¢) 10 as ¢ |0 can always be achieved by replacing @,
by ®(t) = (1/1)[{®, = ®y(¢) and ® is in the same ( p > 1) integrability class as ®,.

Proor. By Theorem 2 we only need to show that ®, € L(p’, o0) implies the
existence of (u#, v). We may assume that ®,(1) = 1 and ®((z) 1 oo as ¢ |0 (otherwise
let u =v =1). Let ay = ®,(2""). Then ay < A2"/7, and since 2 Va,, — 0, we may
assume that ay - 2™V <4, N = 1,2,.... Also note that 2" %a, ., < a,.

Let Jy = [2V,2"" + 27N, N=1,2,..., Jy,=R\U%_Jy, Ky =[2"
+ 3,2V + 1]. Define vy(t) = a3, t € Jy, and vy(1) =0, 1 & J. Let uy(1) = 4,



GENERAL MAXIMAL OPERATOR AND THE A4 p-CONDITION 825

t € Ky, and uy(t) =0, t & K. The desired pair of weights will be v(z) = Zv, (1)
+ 4x, (1), u(t) = Zuy(r). We note that »(Jy) = 2N, from which (x,)() =
Xio2-¥(1)- Also p(Ky) = 1.

We wish to estimate

o B (s
o(1) = @, (1) = sop 5 (5F) (w00,

and show that ® ~ ®,. This will follow if for some constants ¢’, ¢/, ¢’a, < ®(27') <
¢"a;, 1 =1,2,.... Our first observation is that

*
(3‘0—’) Q) <ca, I1=1,2,....

To see this, note that if I NJy = @ for every N, then (x,/v)}(t) <i <a,.
Otherwise, let Jy, Jy, .- ..,Jy, be all the J;’s with J, N I 3 @. If I, = [0, 2-M] and
for j=1, [[=[27M+27M*! + ... 42 M&=1 oM 4 9-M¥1 + ... +2°M¥/], then
(X1/0)X(1) <ay_;, t €I. Thus, if 27" €[, M—j<I+1, and since 2" |0,
2= ) = ay

It is clear that p.(I) <4|I|,and if p(/)>0and I N J, # & for some N, then
|1|= 32— ay/2" = 1. From this we see that, if u(I) = 1, then

B ()" (ura) = (%) ) = cap

and if 1/2K*' < (1)< 1/2% and I N Jy # @ for some N, then

MI(III)(XI) (w(I)2- )<c2_k(>:,l) @ ) < 2oy <ca

This shows that ®(2~) < ca,, and since for I = [27',2"" + 1),

(%) wne) = e, w=0@).

We proceed now with the proof of IMfIl, , <Al fll,,. Let f=0, fy=fx,,,
N=0,1,.... Then

f(Mf)pudx =/[M(f0+ EfN)]Pudx
< 2”“f(Mf())pudx + 2”"/[M(2fN)]pudx.

Note that [(Mfy)?udx < c[(Mfy)? dx < cll fpllF <cll flIf,
We next claim that [( Mfy)?uydx < A[ffvydx. For x € Ky = supp u, we have

2 _ 14 .
(M1 (x) = (22720 e ) < 27 (2 A

Since a, = O(2"/?') we obtain (ay2™V)?/?" < cay' from which (Mfy)? <
c(1/a)ll fyll5 = cfffvy dx.
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We next observe that [M?(Z fy)u dx = Z; [M?(Z fy)u, dx, and thus, using (Za;)”
< sz(P“)a;’, we get

fMp(EfN)uk dx<2r7' ¥ 2(N~k)(p—l)fM”fNuk dx

N=k
+2771 Y 2(k_NXP_"fMPfNuk dx.
_ N<k
For k < N we get

fM”fNuk dx < c/(;v;—l_?./;f,v)puk(x)dx

2&%&#Yﬁwu<;%fwmwa,

<

since [pu, dx = [gquydx. )
Similarly, if kK > N, [M?fyu, dx < (c/27*")[M”f\ uydx, and thus we get

fM"(EfN)uk dx < 21’""[M”fk “u, dx

B 20 (e dx + 3
e ,Zk sz’.zk(p—l)f fuundx Ne L 2PKPNG =)

2k(p—1

fM"fN . uNdx}.

We sum this over k and interchange the order of summation to get

o0
/M”fu dx <27 3 fMPfkuk dx
k=1

1 R 2N(p—1)
” . P
re {N§1 kg] 2PN22k(p—1)fM fNuNdx

0 [} 2k(p—|) ) d
+ 33 e [ M s
ad o0
<A 2 fMPfkukdst 2 /fkp"kdx<z4ff"vdx,
k=1 h=1

REMARK. Under the hypothesis of Theorem 4, ®, € L( p’, ) if and only if there
exists (u, v) for which p{x: Mf(x) >y} <cll f 2,/y? and @, , ~ @,

6. In order to make a more detailed study of ® = @, , for a pair of weights (u, v)
we need some preliminary results. Again our analysis will take place on R.
For f: R — [0, o0], and I, J compact intervals let

1
M« X) = Su T 71 M‘_ d 1)
j,lf( ) xe]l;’ |J|./; j I.lf(y) y

the jth iterated maximal function relative to 1. Set M, f(x)=0,x &I M,,f(x)=
fC)x (x).
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LEMMA 1. Let f= 0 be in L'(I), supp f C I, and let g = 0 be in L\(J), supp g C J,
and assume | I |=|J | . Assume there are constants C = 1, A = 1 with

Cl{xEL:f(x)>a/A)|>|{y €J:g(y) >a} |, a>0.
Then there is a constant B so that
ACB/ [M;,1= [M; 8
Proor. We will first establish that for a > 0

{x €1 M, f(x) >%} =|{yeJ: M, ;g(y)>a}]|,

where B is the Besicovitch covering constant. To do this, we may assume that
a/24=(1/|1))f,f, as otherwise M, ,f(x)>a/2A4, x €1, and (1) follows. We
have

(1) 2BC

[resiue() =)< [ g 2f[zxg(§)+/;xg(f)d7],

where A (7) =| {x € J: g(x) > 7} | . By hypothesis this is majorized by

el MR e =2 L

< 2BC

{x el M,,,f(x)>%”

(see [8, p. 23)).
We now iterate (1) and get

{xel M,f(x)>—A}‘>| y€E€J: M, ,5(y)>a}l.

Consequently, ;M ;8 = [°A,, ,g(a) da < (4B)/CA[; M, ,f.

LEMMA 2. Let (u,v) € A, for some p > 1, i.e., [yu-([;0'77)?P"' <c|I), and
form ® = ®, . Assume that |v™'(t)|= 0, t > 0. Then for each N there exists ay and
compact intervals Iy, D Jy, Iy D Iy, such that Jy NI, = @ and Jy, I, have an
endpoint in common with I, and there is Sy C Jy such that

() @) < ep(Iy)ay/| Iy |< 2V7,

(i) ay < 1/0(x) < Say, x € Sy,

(i) p(Iy)/(5-2) < v(Sy) < p(13)/2%,

(V) ay < (Xs,/0(B(1})/(5-27)) < Say.

PRrOOF. Since

(2B)’'C

o =ue i (). ()

choose an interval Iy = [ay, by] for which

a2 =220 (X )" (47 )oov),

[Ty 0
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We can pick points ay = xo < x; < x, <x3<x,=>by for which [ udx =
p(Iy)/4,i=1,23,4 1y, =[x,_), x,-], we have, since
Xi, Xno \* (T
( ) ( ) = El ( v )y (4 )’
an i such that for each j,
I, . .
oy < H) () (1)
| v ] vl 2N
Select now a j so that Iy ; N I, = &, and write Jy = Iy ;,, J§ = Iy ; and let I be
the smallest interval containing J,, U J¥. Then

v < () (50)

Let us denote by J’ an interval in J which has that endpoint in common with J3
which J¥ has in common with I, and set

5(2) = sup ’T(,Jl)(x’"),("(zf)).

Select now J’ for which the sup is “attained”, i

B2 ) <2‘;(IJ!)(X’”)V (”(Z,Jv))

and let ay = (x,,/0)5(u(J")/2").

We define Sy € {x €EJy: Say=1/v(x) =ay}, and Sy = {x EJy: 1/v(x) =
ay}. Since |v7'(£)|=0, 1 >0, we see that »(Sy) = r{x €EJy: 1/v(x) > ay} =
p(J") /2N,

We claim now that »(Sy) = +»(Sy). To prove this we may assume that »(Sy) >
v(Sy). If »(Sy) < t¥(Sy), then

r(J)
2N
We can now choose an interval J” CJy¥ for__whlch p(J"2°N < p(Sp\Sy) <
p(J")2"N¥*! and J” is a candidate for the sup of ®. Then u(J”’) > 2u(J’), and since
(Xsias,/ 03I /2V) = Say we get ,
_ J7) [ Xsinss \* [ w(J7) () _ =
B(2-v) > B ( )( > 2a 3(2-Y).
CO= T e LT ) 72y = e
Hence tu(J") /2N < »(Sy) < n(J') /2"
If we let I}, = J’, the properties (ii), (iii), and (iv) of the lemma follow, and the

only thing that remains is u(Iy)ay/| Iy |< c2"/?". This can be done by the same
argument used in Theorem 2 for (i) since (u, v) € 4.

J/
> 0(S{\Sy) > o(Sy) = o (2~)-

7. It is well known that u € A, p> 1, implies that u € A,_, for some € > 0, and

that this is no longer the case for (u, v) € A, [5,6]. If we want (u,v) € 4,_,, then
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in terms of ® = @, we need to prove that ® € L((p — €)’, 1). Here is where the
behavior of the iterated maximal operator M, f comes into the picture.

THEOREM 5. Let (u, v) € A4, 1 <p,andlet ® =@, . Assume that IIMjfllp‘u <
AjII fllp,,,, fELr, j=1,2,.... Then there are constants ¢ >0, B > 0 such that for
every j, N,

o(2V) < (Hit ( ﬂ)zN/P’.
B/ \ N/

PrOOF. We will first show that we may assume that | v™'(¢) |= 0, > 0. Since our
overall assumption on v is 0 < v < 00 a.e., we choose v(x) < v(x) < 2v(x) such
that | o7'(¢)|= 0, £ > 0. Then (u, 0) € A,and @, (1) <29, A1)

We now choose Iy D Jy, Iy, Sy C Jy, and a), as in Lemma 2. Then
ﬁs_) ( r(1y) )

aNz(v 5.2N

v

and
@) ay <1/0(x)<5ay,x €Sy,
(i) | Sy |/Say < v(Sy) <| Sy |/ay,
(iii) p(Ly)/(5 - 2V) < w(Sy) < p(I},) /2",
(V) @27") < cp(Iy)ay/| Iy |< ¢ 2V
We begin with

By Lemma 1 this is

(P'=bey (I 3

ad8PTIPY(I) ( fi

> BJP—_——mp—- -{S |A4j,HN(X[0v|SN“) dx ’
N

where H, = [0,] 1y |].
Since for | Sy |< t, <|Iy|, M gy (X{0,s.1)(11) =| Sy |/1, we see that

IN iyl 1
ferz.HN(X[owsNu) = [ [ My (Xious) 9y

ISul L2715,

il | Sy | ( P ) ISl 5 Hnl
= —— lo dt, = lo .

s L2 & | Sy 2 2 & | Syl

Thus in general,

, (p'=Dpy (I
[ (ot 70w = SR s p)

N
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Since (M fll ., <A; Il fI,, wegetwithf=10'"Pxg ,

I
a(p —1p BJ log]( Il SN II ) p
’ N

< AP 1=p’ p—lgp p—1
\Ajﬂfsv dx < 5P A2 0k " | Sy ] »

N

or
p
aye(Iy) S I,,_l <c Ay J!
TP s Lyl )
| Syl

Since | Sy |< Sayv(Sy) < Sayp(I})/2N < c|Iy|/2N-2M7P = c|I,| /27, we get
| Iy|/| Sy |= c2"/? from which

ann(I}) [ﬂ p() |77 _
[ vP [5 2Y
From this we finally obtain

ayp(Iy) < CAJ"H J! QN/P
[yl B/N’ ’

¢ Aj+| J! d
B/log/(c2"/7)

and the proof is complete.
We can replace in Theorem 5 the strong (p, p) for M,f by weak (p, p) and
obtain the same result. We state this as

CorOLLARY. If (u,v) €A, 1<p, &=, , and p{x: M f(x)>y} <
ANfNE/¥P,j=1,2,..., then there are constants ¢ > 0, B > 0 such that for every
j, N’

®(2-V) < cA’“ (ﬂ)z’W.
B/ \ N/
PROOF. Start out exactly as in Theorem 5, and note that for x € Iy,

(700 )) 0 = g [ 20}

If we let y? be the right side of this inequality, then
. 1) P
Pufx: 1-p #( AN 1=p’
y [L{X.Alj+](v XSN) lINlp [/ 0 XSN ] .
The rest of the proof is exactly as that of Theorem 5.

THEOREM 6. Let (u, v) € A, for some p > 1, and form ® = @,
Q) Ifp{x: Myf(x) >y} <Al f II;U 'yP, then ® € L(p’,1) and hence || Mf “pm <
All f||p_v
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@) If SUP £y, =1 IM AN, = o(A’), then there exists ¢ >0 such that ® €
L((p — &), 1), and hence || Mf || <Al fIl

p—eu p—egv°
ProOOF. To prove (i) we use the corollary and obtain ®(2°") < ¢2"/?'/N? and so
S®2V)/2VP < 0. Hence ® € L( p’, 1).

For (ii) we use Theorem 5 and get ®(2°") < ¢(A4/N)’j'12"/7', for some constant

A. Since by Stirling’s formula j! ~ V27 e ~/j/* /2 we get
i Aj )j . .

Ny < k'l 1/2 . 9N/p
®(27Y) c( N 2N/P

If wenowleta = e/24 andj = [aN], then

N'/ZZN/p' < S oN/p—aN/2 < € HN/(pey
2th NZ N2 ’
for some & > 0. Thus S®(2~") /2N (P~ < 0 and so ® € L((p — €Y, 1).

REMARK. Theorem 6 provides us with a different proof of u € 4, implies
ueE Ap_e for some ¢ > 0. From [7,3] we know that u EAP implies }IMfllp‘us
Al f1I,, without recourse to 4,_.. But then [|M,f 1|, , < 4/l fIl , ,, and thus from
@, IMfIl,_,,<BIfll ,_,, from whichwe getu € 4,_..

o2 V)<c

p,uw
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